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Abstract 

We study two supersymmetric toy models of a A:-form superfield, k = 2,1 separately. 
By "solving" Jacobi identities, we show that each model is completely solvable at off- 
shell level, possesses a severely constrained kinematics, and gives a rigid representation 
of the supersymmetry algebra. This study of the toy models is motivated by our 
reanalysis on supersymmetry algebras in gauge theories where we discuss internal 
symmetry generators carrying spacetime/spinor indices. 
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I. Introduction 



Coleman- Mandula theorem has been a cornerstone to construct possible supersymmetry 
algebras in various dimensions. The theorem states that any group of bosonic symmetries 
of the s-matrix in relativistic field theory is the direct product of of the Poincare group 
with an internal symmetry group. Consequently supersymmetry algebra was conceived 
as a Z2-graded algebra of which the bosonic part needed to satisfy the theorem IQ-Q. In 
particular the internal symmetry generators do not carry any spacetime index. One of 
the assumptions necessary to prove the theorem was that the theory describes massive 
point-like particles. For massless theories it is well known that the Poincare group can be 
extended to the conformal group, while in the presence of a p-dimensional extended object, 
or p-brane, it was pointed out by Azcarraga et al. that the supersymmetry algebra can 
admit a p-form central charge This discovery initiated some studies of the possible 

central extensions of supersymmetry algebra by adding charges with spacetime indices to 
the ordinary supersymmetry algebra 



It has been well known that in gauge theories the commutator of two supersymme- 
try transformations contains a gauge transformation as well as a translation |[I0|-[T2|. For 
example, regarding four- dimensional M = 1 supersymmetric Maxwell theory, there exist 
essentially two known superfield formulations: One is to introduce a real scalar superfield or 
vector superfield and impose the Wess-Zumino gauge condition. The other is to start with 
a fermionic chiral superfield, Wq,, and impose a certain reality constraint, D'^Wa = DaW'^. 
In the former approach, the gauge field appears explicitly in the superfield expansion and 
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the supersymmetry algebra closes on a gauge transformation and a translation, though the 
original supersymmetry algebra in the superfield formalism closes only on a translation. 
This is the price for adopting the Wess-Zumino gauge. On the other hand in the latter 
approach, only the field strength appears in the superfield expansion and the existence of 
the gauge field follows implicitly as the exterior derivative of the field strength vanishes, so 
that the supersymmetry algebra closes on a translation aloneQ. 



The main contents of the present paper are twofold: We first revisit supersymmetry 
algebras in two gauge theories, 6D (1,0) tensor multiplet containing i?^,^ and 4D A/" = 1 su- 
persymmetric Maxwell theory containing A^. Analysing the commutators of super charges 
in each theory, we conceive the notion of gauge charges which carry spacetime/spinor indices 
and generate local gauge transformations. Since both theories are massless and describe free 
point-like particles, neither Coleman- Mandula theorem is applicable nor solitonic extended 
objects are present. Hence this is another type of origin for internal symmetry charges 
which carry spacetime/spinor indices. 



When there are infinitely many generators in a supersymmetry algebra, the superfield 
formalism is not practical anymore, since the expansion of any superfield does not terminate 
at a finite order resulting in infinitely many component fields. Motivated by the observation 
above, in the rest of the paper, we analyse two off-shell supersymmetric toy models of a 
fc-form superfield in 2A; + 2 dimensions. A; = 2, 1, separately. We let the relevant supersym- 
metry algebra consist of supercharges and translations only. By "solving" Jacobi identities. 



^ The latter approach is demonstrated in section II-A. for the analysis of 6 D tensor multiplet theory. 
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we show that each model is completely solvable at off-shell level, possesses a severely con- 
strained kinematics in the sense that all the component fields are at most quadratic in 
spacetime coordinates, x, and that it is possible to determine how the coefficients in the 
expansion of each component field in x transform to another under supersymmetry transfor- 
mations, i.e. these coefficients form a "rigid" representation of the supersymmetry algebraQ. 



The organization of the present paper is as follows. Section |IL| contains the reanalysis 
on 6D (1, 0) tensor multiplet. We discuss the gauge charges there. In section |ITL| , we study 
the 6 D (A^, 0) toy model of a two-form superfield and solve the model completely. Section 



IV] deals with a parallel analysis on 4 D A/" = 1 supersymmetric Maxwell theory and a toy 



model of a one-form superfield. 

II. 6D (1,0) Tensor Multiplet 
II-A. OfF-shell Superfield Formalism 

Here we reconstruct the off-shell 6D (1,0) tensor multiplet within a superfield formalism in 
an algebraic way. We also exhibit an explicit expression for the corresponding superfield. 



The standard six-dimensional (A^, 0) supersymmetry algebra is given by 



{QL,Q^«} = 2r^7;^«FA, (ii.i; 



^Cf. Ref. where "soft gauge algebra" is defined to have field-dependent and hence spacetime- 

dependent structure "constants" . 
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where £'^^ is a 2N x 2N anti-symmetric matrix governing the symplectic structure 

with the inverse, Bij, S^^Sjk = S\, and super charges, Q^, 1 < ^ < ^N, 1 < a < 4, satisfy 
the pseudo-Majorana condition 

Q^ = Q'h'=iQ'y£J^■ (11.3) 

The corresponding superspace has coordinates, z'^^ = (x"^,^'"), where Grassmann variable, 
e\ satisfies Oi = 6'^^^ = {e^fBji so that O.Q' = QiO' is real. 



Following Howe et al. [|14|, to obtain (1,0) tensor multiplet, we consider a real scalar 
superfield, $(-2), subject to D^Dj]^{z) = or equivalentlj 



{QL^[Q?,0]} = o, (II.4) 

where (j){x) = $(x,0). 
If we define 

i^a^miA], (n.5) 

then ipl^ satisfies the pseudo-Majorana condition along with 

i'i = ip'h' = m'B,, . (11.6) 



■^0, [] mean symmetrizing, anti-symmetrizing indices with "strength one". 
^We note that L*!*!?^' = o'^^D^py 
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From eq.( |11.4| ) and using the fact that 7"^, 'y^^'y^'^^^ form a basis of 4 x 4 matrices, one can 
derive an expression for {<5a,V^^}. After imposing a Jacobi identity 

{Qa. [Q'p. 0]} + {Qh [Qa. 0]} = [{Qa. Q'^} . 0] = '^^'^ i^Pa, 0] , (II.7) 

we get0 

{QL, = r^ (7^a^0 + \i^^i^i''^HABc)ap , (II.8) 
where, due to eq.(^), Habc is self-dual 

Habc = ^^abc^^^Hdef , (II-9) 

and satisfies from eq. ( |A^ ) 

S'^HabC = -WflAlBlcrnQ'a. • (11.10) 

Further, with eq. (|A5|) pseudo-Majorana conditions ( [1I.3| , [1I.6D imply that Habc is real. 



Using Jacobi identity one can write 

-US^^Qi, Habc] = (7[a7b7c])^'[Q^, {Q^, ^ 

= S'^^ {lh%AlBlC]dDr)a - \{l^''l''l^^lAlBlC])aVp,HDEF]) 
- 2iS^\-f'^^[AlBlC]dD^^)a ■ 

(11.11) 

Choosing j = k gives 

[Qt, Habc] = -^lh''l[AlBlc]^Dr)a , (11.12) 



^Pa acts on fields as a partial derivative in a standard way, [Pa, 0] = ~idA4>- 
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which is in fact equivalent to eq.( |il.ll| ) itself. 



With eqs. (|IT:^ , |n:T^ , |mal , [XT^ Jacobi identity gives 



OdHabc = ^T,£^^D ({Qa. [Q% H abc]} + {Q% [QL, Habc]}) 

= 2d[AHBC]D — VD[Ad^HBC]E + l^ABC^^'^dEHpGD ■ 

With the self-duality of Habc, using eq. ( |A12| ), this becomes 



(11.13) 



QdHabc = 3d[AHBc]D - Sr]D[Ad^HBC]E , (11-14) 



and hence 



d^HABC = 0, (11.15) 



diAHBCD] = 0. (11.16) 
The latter implies that Habc is a field strength of a certain two-form tensor at least locally 

Habc = d[ABBc] ■ (11-17) 

Hence the existence of a two-form gauge field follows only implicitly as the exterior deriva- 
tive of the three-form tensor vanishes, and 0, ip^, Habc form a representation of the standard 
six- dimensional (1,0) supersymmetry algebra ( [11. 1| ) consisting of only. It is worth to 
note that eq.( |11.15| ) follows from eq.( p.l.l7D and the self-duality of Habc- 



Constraints on 0, can be obtained in a similar fashion. From eqs. ([11.5 , 11.8 , 11.1^) we 

get 

[Q'n ^^}] = -^^''{itpdAi^' + Ip^dAi^l - lidA^) , (11.18) 
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so that with Jacobi identity 

[{QL, Q?}, i^U = -i£'\4,dAi^i + itpdA^^, - i^M'p) ■ (11.19) 

From the supersymmetry algebra this must be equal to —2i£'^^^^^dAipp, and hence 

7^^a^^;] = . (11.20) 



Equivalently from eq. (|Alla 



j^dAip^ = . (11.21) 
Furthermore this implies ^^"'^dAiQaj'ip'lj} = 0, and hence with eq. (|II.8| ) 

□ = 0. (11.22) 

Now we can write superfield 

$(^) = e*^''^>(x)e-'^"'Q" 

= + + ^\e^l^''l''l''^o'HABc + t\ea^e^o^dA^' + ±ea''0'9ji''o'dAdB(f) 

+ higher order terms containing derivatives , 

(11.23) 

where the higher order terms which terminate at eighth order can be obtained from 
eqs.(P3|rap:T^. 

II-B. Charges with Spacetime Indices : On-shell 

The supersymmetry transformation rule for the two-form tensor field was first written by 



Bergshoeff et al. at on-shell level [|ri|,|T5[ as 



5BAB = ea[AlB]'^' . (11.24) 



From their results, by identifying 



(5 Field = i[e,Q^ Field] 



(11.25) 



one may introduce supersjnnmetry charges, QJ^, 1 < i <2, such that 



AB 



-i{llAlB]'ip')a , 



(II.26a) 
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(II.26b) 



(II.26c) 



This is compatible with eqs. (|11.5| , |11.8|J11. 1^ ) . We also note that eq.( 11.26a| ) is consistent with 
the pseudo-Majorana conditions (p.l.3yil.6| ), which can be shown using eq.(^ 



From eq.(|11.26a|) with Jacobi identities 



[{Q^, gU, Boson] = {g^, [Q^., Boson]} + {Q^., [Q^, Boson]} 



(11.27a) 



[{Qa, Q3}, Fermion] = [Q^, {Q^., Fermion}] + [Q'., {Qj,, Fermion}] , (11.27b) 



one can calculate the anti-commutator of super charges. Using eq.(|AllaD we get 



[{Qi, Q'^}, Bab] = -2iS'WcBab1^p + SiS'^H.^BCl^ 



a/3 



- 2iS'^{dABBc - QbBac + VcAdB4> - VcBdA(f>h!-^ 



(11.28a) 



af3 
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(II.28b) 



[{Qa^ ^] = -'^^^''dAcl^ltp , (n.28c) 

where 

H±ABC = \{HabC i ^\^ABC^ '""^Hdef) . (11.29) 
The equahty on the second hne of eq.(|11.28"5D holds since = 1, i.e. 1 < i, j < 2. 



Now we introduce a vector valued Hermitian charge, Za, such that 

[Zc, Bab] = -i{dABBc - ObBac + ilcAdB(p - TlCBdA4>) , 

(11.30) 

Direct calculation gives 

[Za, Hbcd] = , (11.31) 

and hence Za is a vector valued charge which generates a local gauge transformation. We 
also note that Za is effectively null when it acts on -0^, 0, Habc- 

With the following constraints or "equations of motion" Q 

H-ABC = : self-duality , (II. 32a) 

^^dAi)' = , (II.32b) 



^Contrary to the known, wc do not need any constraint on the scalar field, 
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eq.( p.l.28a ) realizes the following novel modified (1, 0) supersymmetry algebra in six-dimensions 

{QL, Q'b) = ^S^'iUPa + Za) . (11.33) 



We note from eqs.( |11.25a , Allj| ) 



[Qi^HABc] = -i{l[AlBdc]'4^')a 

(11.34) 

= -i'\{l^l[AlBlC]dD'4'' + l[AlBlC]l^dDll^')a ■ 



This shows from eg . (|A8|) that the self-duality condition ( [1I.9D is also satisfied for the ex- 



pression of [Q^, Habc] with the equation of motion (|II.32b|) 



[QL, H.ABC] = -t\{l[AlBlc]l''dDilj')a = . (11.35) 

Similar analysis based on Jacobi identities can give other commutators/anti-commutators 
of Pa,Za- First we find 

[^A,QL]=0, [Pa,Pb\ = Q, [Pa,^b] = 0. (11.36) 

If we denote gauge charges 7(„) which are n times multi-commutators of Q^, Za containing 
at least one Za, i.e. 

TaiA2-a^ = [Zai, [Za2, ■ ■ ■ , [Za^^i,Za^] ■■■] = ZaiA2-a„ , 

(11.37) 

r:,^pA = {Q\AQ'p.ZA]}, etc. 

then one can show, by induction on n, that gauge charges, 7(„), act only on the two- form 
tensor, Bab, 

[T(n),i^i] = , [Tin) A] = , [rin),HABc] = , (11.38) 

and T^n) commutes with Pa 

[7^„),P^] = 0. (11.39) 
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In particular, direct calculation gives 

[[Zc, Q^IBab] = {idlAdB - IsdAW). , (II.40a) 

[ZcD, Bab] = dAidoBBc - dcBsD + VDBdc<p - VcBdD<l)) ~ {A ^ B) , (II.40b) 

n-2 

[Zc,c,-c„,Bab] = n (-^^c,) {dAidc^Bsc.., - dc„_,BBcJ - (A ^ B)) . (II.40c) 
i=i 

Since ['T[n),Qa} 7^ 0, gauge charges are not central. 

We note that there exist infinitely many gauge charges, 7(„) , and this has to do with the 
fact that there exist infinite degrees of freedom for local gauge transformations. It is worth 
to note that Jacobi identities may reduce the number of independent charges such as 

T^U + yU = 2S^^j^^Zba ■ (11.41) 

III. 6 D Toy Model of Two- form Superfield : Off-shell 

In this section we investigate the consequences of setting Za = 0, hy considering a 6 D 
off-shell toy model of a two-form superfield. We assume the supersymmetry transformation 
of the lowest component field of the superfield is identical to that of the two-form gauge 
field in 6D tensor multiplet ( p.26a| ), i.e. 

[Q'^,BAB] = -^{l[AlB]^%, (III.l) 
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and require our toy model to be subject to the standard (A^, 0) supersymmetry algebra 
consisting of Q^, Pa alone, i.e. eg. (|11. 1|) 



{Q^^,Q^A = 2S^^^^,Pa, (111.2) 



where 1 < i,j < 2N and is an arbitrary natural number. We note that eq. ([III.l|) is of 
the most general form without any derivative and gravitinos. 



Provided with these two equations ( [lII.l| , |nT72D only, without any "equation of motion" , 
using some properties of gamma matrices in six-dimensions we are going to show that the 
model is completely solvable at off-shell level, possesses a severely constrained kinematics 
as 

• Bab, i^a alone form a super multiplet without introducing any scalar field. 

• The field strength of the two-form field is automatically self-dual. 

• Bab is at most linear in spacetime coordinates, x, and it has the following explicit 
form 

Bab = BaXb - BbXa + Babcx^ + Bab , (III.3) 

where 

Bab = B[AB] , Babc = ^^abc^^^Bdef ■ 

• The spinor field, i/;^, is a spacetime independent constant field, i.e. there remain only 
zero modes and with Ba'^ = BABil^^l^^)a'^ it can be written as 

^Pl, = -tUQhl3j]. (III.5) 
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The supersymmetry transformation rule for ipl^ is 
The supersymmetry algebra ( III. 2 ) is represented by 



[QIBa\ = 0, [Qi,BABc] = 



[Qi,BAB] = -iil[AlB]^')a 



[Pc^a] = 0, [Pc,Babc]=^, 
[Pc, ^ab] = -iiBAVBc - BbVca + Babc) , 



Proof 



With Bj = Bab{i^'^1^^)J, eq- dlTLTD is equivalent from eq. (|AT0D to 
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Jacobi identity which is crucial in our calculation is with eg. ( [111.2 ) 



{QL, [Q'p, B,']} + {Q^^, [QL, B,']} = 2£^^^%[Pa, S/] , (IH-IO) 
and hence from eq. ( [lll.y| ) 

^^'{QL, ^l) + 5,'{Q'p, C} - 4V{QL, V'^} - ^SJiQ'p. = £''ltpdAB,' . (III.ll) 
Contracting 5 indices gives 

15{QL, } + ml - {Qi, O = ^:^^a^i?Bc(7f''7'''7^)7a • (111-12) 
Symmetrizing j indices of this gives 

19{Q(\^^)} = {g(\V^^)}, (III.13) 

so that 

{QL,^^} + te,^^} = o. (III.14) 

Hence eq. ( [1II.12|) becomes 

11{QLV'^} + {Q;,^^} = £'^dABBc{l^''fh\. ■ (111-15) 
Using eq.( [Allc[ ) we symmetrize a, 7 indices to get 



On the other hand, from eq.( |Allb|) , anti-symmetrizing a, 7 indices in eq. (|111.15| ) gives 



{Cr^^m - {Q\,^i} = IS^idAB^Bl^, . (III-17) 
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Thus, combining eq.( ill.l^ ) and eg. ( |lll.l7[ ) gives the supersymmetry transformation rule 



for the spinor field ( |111.6| ). Substituting this into the Jacobi identity ( |111.11| ) gives 

P^Jj^^^d^B^B + i5[a'(7[^7''7^1)/3h^AiJC + P.^I^^OaB^b = I^pOaB,' . (III.18) 
Contracting this with 7^^ gives from eg . (|A2|) 



BaB,' = HdBB^^^^Alc] + \Hbcd1^^i''i'>^1a),' . (III. 19) 



Since this vanishes when we contract 7 , 5 indices, from egs.( |A3| , [A4D , contracting eg. (PI.19| ) 
with {'^^'^ 'y^^) 5^ simplifies eg. (pi.l9| ) to the following eguivalent formula 

OaBbc = UvABdoB^'c - VAcdoB'^B) + H+abc ■ (111-20) 



Now we are going to solve eg.( [111.20| ). An immediate conseguence of eg. ( [111.20| ) is that 
Habc is self-dual ( [11.91) . With this self-duality condition, eg.( |111.2d|) becomes 



mABBc - ^ObBca - 5dcBAB = 'iVAsdoB^'c - ^VacOdB^'b • (111.21) 
Acting on this gives 

IdAdBB'^c - 50BcA + ^dcdBB'^A = . (III.22) 
Symmetrizing A, C indices gives 

dAdBB^'c + dc'dBB'^A = , (III.23) 
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and hence from eq. ( p.11.22 ) 



;ill.24a) 



adBB'^c = . 



(III.24b) 



With eq . (1111.244 , acting Bd on eq. (|III.21|) and then symmetrizing A, B indices gives 



2dAdDBBc + ^dsdoBAc = ^{I'^abBcd - VacBbd - VbcBad) 



(III.25) 



Similarly 



2dDdABBc + 2dBdABDc = □ i27]DBBcA - VdcBba - VbcBda) , (III.26a) 



2dDdBBAc + 2dAdBBDc = a{27]nABcB - VdcBab - VacBdb) ■ (III.26b) 



Now we add eq. ( [111.26aD to eq. ( [111.25| ) and then subtract eq.( |111.26E| ) to get 



dAdoBBc = h^iVABBcD - VacBbd + VdbBca - VdcBba + VadBbc) ■ (III.27) 



With eq.( |111.24b| ) this implies 



OaOBbc = ^^Habc 



(III.28) 



and hence 



nHABC = Oa^Bbc = . 



(III.29) 



Thus from eq. ( 111.27 ) 



dAdBdcBoE = . 



(111.30) 
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Now if we write 



^BBab = Cab '■ constant , 
then from eqs. ([[II.27| , [III.30|) the quadratic term of Bab is of the form 



(III.31) 



^AB ~ \Cabx'^ ~ Cac^^^b + Cbc^^^A ) 



(III.32) 



so that imposing the self-duahty condition ( |il.9|) gives 



C[abXc] — -^eABC C[deXf] 



(III.33) 



Therefore 



Cab — 



(III.34) 



and Bab is at most hnear in x. From eq. ( |111.20D Bab is of the final form ([I11.3| ) with 
coefficients satisfying eq.( |I11.4| ). Due to the exphcit form of Bab we get eqs.( |I11.8"a|J111.8b| ) 
and eq.( |ill.6| ) becomes eq.( |111.7(^ ). 

Now we perform a similar analysis on ip\ A Jacobi identity for this field is 



[Qa, {Q'p, ^'}] + [Qh {Qa^ ^'}] = -2t£'^l^,dA^, 



(III.35) 



Using eqs.( |All"^[Allg| ) we get from eqs. (|lll.l| , [111.6|) 



(III.36) 



With this expression, in the case of z = j, eq.( |III.35| ) becomes 



(III.37) 
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and hence j^gdAipl is totally anti-symmetric for the spinorial indices 



(III.38) 



Now the Jacobi identity ( ill.35| ) becomes 



fik-pj _ cjk-pi _ ncij-pk 



(III.39) 



If we consider the case, % = k 



(III.40) 



and hence 



= 



(III.41) 



is a constant field satisfying eq.( |111.8(^ ). 



Now let's go back to the two-form tensor. From eqs.( |lll.I| , |ill.3| ) we get 



[QL, Ba]xb - [QL, >3b]xa + [QL, BABcjx'^ + [QL, ^ab] = -ihiAlB]i^')a ■ (111-42) 



Since -0^ is constant we get eqs. (|III.7ai|lII.7b|) , and from eq.( [111.9|) we get eq.( |111.5| ) as well 



Finally one can check that eqs.( [lII.7alJII.8a| ) are consistent with the supersymmetry 
algebra (ling). 



Q.E.D. 
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IV. 4 D Super Maxwell Theory and Toy Model 

In this section, similarly to section |T] and we analyse the supersymmetry algebra in 
4D A/" = 1 supersymmetric Maxwell theory and study a toy model of a one-form superfield. 
We obtain similar results. 



IV-A. Charges with Spacetime Indices : On-shell 



As an analogy to eq.( 11.26a ), from the known supersymmetry transformation rules for the 
component fields in A/" = 1 on-shell supersymmetric Maxwell multiplet l]!^, TE\, we can 
writeQ, 



(IV.la) 



{Qa, = tl{cr^^a''^)jF^, , {Q^, ij^} = , (IV.lb) 



{Qa,r} = o, 



(IV. Ic) 



where F^,y = d^A,, - di,A^. 



From these, using Jacobi identities and eqs. ( P3||B4| , |B5| , P^ ) , direct calculation gives 

[{Qa,Qa}.A^]=2iF^,a-^^, 



(IV.2a) 



^An auxiliary scalar field was set to be zero for simplicity. 
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0, 



(IV.2b) 



(IV.2c) 



Now it is obvious that with constraints on -0, ■i/' or "equations of motion" 



a^'d.i) = , 



d '^lJa^' = 



(IV.3) 



4 D A/" = 1 on-shell supersymmetric Maxwell theory admits the following modified super- 
symmetry algebra^ 



{Qa,Qa} = 2aUP, + Z,), 

{Qa,Qp} = 0, {Qa,Qp} = 0, 



(IV.4) 



^ While this work was being completed, a supersymmetry algebra identical to eq.(IV.4) but of different 
origin was discussed by Gorsky and Shifman |T7| . It is relevant to the soliton solutions with the axial 
geometry - the saturated strings. 
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where = {Z^j^y generates a local gauge transformation 

[Z^,A,]=id,A^, {Z^,F,p]=0, 

(IV.5) 

[z,,r] = o, [z^,r] = o. 

Multi-commutators of Zfj,,Qa,Qa generate infinitely many gauge charges which act on 
only and annihilate F^i, as in eq. ( [1V.5D . In particular we have 

[[Z^,Qa\,A,] = (IV.6a) 



Z^,Z,lA^]=dxF, 



(IV.6b) 



n-2 



[[Z,,,[Z,,,...,[Z,^_,,Z,J...],A,] = l[i-^9,^)duF,^-i^^^ . (IV.6c) 



IV-B. 4D Toy Model of One-form Superfield : Off-shell 

Here we study a 4 D toy model of a one-form superfield. We assume the supersymmetry 
transformation of the lowest order component field is identical to that of the one-form gauge 
field in supersymmetric Maxwell theory (|IV.la| ), i.e. 



(IV.7) 



and require the governing supersymmetry algebra to be the standard one consisting of 
Qa,Qa,P^i only 

(IV.8) 

{Qa,Qp} = 0, {Qa,Q0} = O. 

We note that eq.( |lV.7 ) is of the most general form without any derivative and gravitinos. 
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Provided with these two equations ( p.V.7|jlV.^ ) alone, without any "equation of motion" , 
using some properties of gamma matrices in four- dimensions we are going to show that the 
model is completely solvable at ofF-shell level, possesses a severely constrained kinematics 

as 

• The super multiplet consists of A^, t/'", '0", where Lp is a real scalar field. 

• Afj^ satisfies the conformal Killing equation 

d^A, + d,A^ = l{d-A)r]^,, (IV.9) 
so that Afj, is at most quadratic in x and it has the following explicit form 

Afj, = + XXfj, + w^^Xj, + 2x-bx^ - x'^b^ , (IV. 10) 

where all the coefficients, a^, A, w^^, are Hermitian operators. 

• The supersymmetry transformation rules for the spinor fields, are 

{Q^, ^P^} = ilid^^cr'^^raF,. + i\d-A)6^^ , (IV.ll) 
{ga,r} = 0, {Q^,^°} = 0. 

• i/j"" , i/j"' are at most linear in x. The explicit forms are 

^° = ^°+(pi)", ^/;" = + (ip)" , (IV.12) 

where x = x^a'^ and the lower spinorial indices of Pa,Pa are to be understood. 
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The real scalar field, is a spacetime independent constant field. Its supersymmetry 
transformation rules are 



[Q^,ip\ = -il{a^d^ij), 



The supersymmetry algebra (|1V.8|) is represented by 



[Qa, A] = Pq, , 



[Qa, A] = —pa , 



(IV. 13) 



(IV.14a) 



[-Pa, = 'iiib^Tj^x - b^rj^x) 
[P„b.] = 0, 



(IV. 14b) 



{Qa,r} = o, 

{Qa,P(3} = 0, 



{Qa,Pp} = 0, 



(IV. 14c) 



where 



(IV.14d) 



(IV.14e) 
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{Qa, Pa} = 2i{h-a)aa , {Qa, Pa} = -2i{b-a)aa , (IV.14f) 



K,Pa]=0, [P^,p^]=0, 

[Qa, ^] = -Sipa , [Qa, ^] = -^iPa , 



Proof 



{IV. Ug) 



(IV.14h) 



A Jacobi identity analogous to eq.( [ill.l(i| ) gives using eg. (|B^) 

d^A, = i\ V^} - Ka^)^"{Qa,^^}) , (IV.15) 

while Jacobi identity for {Qa, Qp} = gives with A"" = A^a'^°'°' 

={Qa,[Q/3,A^']} + {QfS,[Qa,A^^]} 

(IV.16) 

= 26aHQf3,^^} + 26p^Qa,i'^}, 

and hence 

{Qa,r} = 0, {Qa,r} = 0. (IV.17) 

Eq.( [lV.15D is equivalent to 

d^A, + d,A^ = i\ ({Q^, r } - {Qa, r }) ri^u , (IV.lSa) 
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(IV. 18b) 



Eq.( [IV.l"8a ) gives the conformal Killing equation ( |1V.9|) with the general solution ( [IV. 10 ) 



in four-dimensions |jT8| and eq. (|IV.18b| ) gives from eq. (|B 



(IV.19) 



so that from eqs. ( [IV:8|JIVT7| ) 

= - \5AQc.,{Q,,r}] (IV.20) 

Using eqs . ( |1 V . 7j , |BT| , P^JE5D one can show that eq.( |lV.20D is equivalent to the following simple 
formula 



This gives 



so that 



= {l)%dx'ilja\2d/ - aPa,)a, 
□-0" = , 

dM'' = . 



(IV.21) 



(IV.22) 



(IV.23) 



Thus ip'^jifj" are at most linear in spacetime coordinates, x, and from eq. ([lV.21 ) we can 
write their general forms as in eq.( |IV.12 ). 
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Now from eqs. ( |I\r7| , [rV:TqjIVT^ ) we get eq.( |iV.144[IV:Tl^ ), and from [F^, A^] = -id^A^, 
[P^,^] = -id^^lj we get eqs.( |iV.14b| , |rV:Tlg ). Substituting eqs. ( [IVTTUHIVrT^ into eq. (|IV:T^ ) 



gives 



(IV.24a) 



(IV.24b) 



Contracting the latter with a^^ gives eq.( |IV.14^) which is however equivalent to eq.( [lV.24bD . 
Eq.( [lV.18a]) gives 

{Qa,r}-{Qa,r} = 4a. (IV.25) 

Now we define cp as in eq.( [lV.14eD . Then from eqs. ( [lV.24a| , [lV.25D we get eq. ([lV.14dD . The 
supersymmetry transformation rules for ip ( |lV.14h|) follow from eqs. ( [IV. 14a| , p^ V. 144|IV. 14d| , rV- 14e||IV. 14g|) 
since 

(IV.26) 



Finally one can check that eq. ( [1V.14| ) is consistent with the supersymmetry algebra ( [IV. 8| ) 



Q.E.D. 
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V. Summary and Discussion 

In section ^T], we reconstructed 6D (1,0) tensor multiplet at off-shell and on-shell level re- 
spectively: At off-shell level, within a superfield formalism in an algebraic way, we showed 
that the existence of a two-form gauge field follows only implicitly as the exterior derivative 
of the three-form tensor vanishes. We also exhibited an explicit expression for the corre- 
sponding superfield. At on-shell level, we analysed the supersymmetry algebra when the 
supersymmetry transformation rule for the two-form gauge field is given explicitly. We pro- 
posed a notion for gauge charges carrying spacetime/spinor indices. Along with translations 
and super charges they form an infinite dimensional super algebra formally. This has to do 
with the fact that there exist infinite degrees of freedom for local gauge transformations. 

In section [lll.| , we investigated the consequences of "switching off" the gauge charges by 
considering a 6 D off-shell toy model of a two-form superfield . We made two assumptions 
there. One is that the supersymmetry transformation of the lowest component field of the 
superfield, Bab, is identical to the that of the two-form gauge field in on-shell (1,0) tensor 
multiplet and the other is that the model is subject to the standard six-dimensional (A^, 0) 
supersymmetry algebra which consists of P, Q only with an arbitrary natural number, A^. 
With these two assumptions alone, we showed that the model is completely solvable at off- 
shell level and possesses a severely constrained kinematics in the sense that: (i) Bab, '4' a 
alone form a super multiplet without introducing any scalar field, (ii) The supersymmetry 
transformation rule for ip"^ is determined, (iii) The field strength of the two-form field is 
automatically self-dual, (iv) Bab is at most linear in spacetime coordinates, x, and is 
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a spacetime independent constant field, (v) It is possible to determine how the coefficients 
in the expansion of each component field in x transform to another under supersymmetry 
transformations, i.e. these coefficients form a "rigid" representation of the supersymmetry 
algebra. 



In section |IV.| , similar analysis on 4 D A/ = 1 supersymmetric Maxwell theory was 
performed and we identified an infinite dimensional supersymmetry algebra with gauge 
charges carrying spacetime/spinor indices. We also analysed a 4D toy model of a one-form 
superfield. We found the model is completely solvable at off-shell level too as (i) The super 
multiplet consists of A^, ■?/'", "0" and a real scalar field (f, (ii) The supersymmetry transfor- 
mation rules for all the component fields are determined, (iii) ^4^ satisfies the conformal 
Killing equation so that is at most quadratic in x, (iv)?/'", are at most linear in x, 
and If is a spacetime independent constant field, (v) The coefficients in the expansion of 
each component field in x form a "rigid" representation of the supersymmetry algebra. 



Our study of the toy model signifies the importance of the gauge symmetry/charges in 
ordinary gauge theories and reveals the power of supersymmetry once more. 
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Appendix 



Here we exhibit some useful identities on gamma matrices in six and four dimensions 



which were previously given in Ref. [f^ with details. 



A Gamma Matrices in Six-dimensions 

With the Minkowskian metric rj^^ = diag(+l, — 1, — 1, ■ ■ ■ , —1), the 4x4 matrices, 7"^, 
satisfy 



and hence0 



tr(7^7^) = 47]^^ , (A2) 



tr(7^7^7^7^) = 4{r]^B^CD _ ^ac^bd ^ ^bc^da-^ ^ (^3) 



tr(7[^7^7''^7[D7i^7F]) = 4e^^^Di^F - 2A5^^^5\5''l , (A4) 



^O^At^O ^ ^A ^ ^A] ^ _ (A5) 



In six-dimensions, without loss of generality, 7^, 7"^ may be taken to be anti-symmetric 

(7^)a/3 = -(7^)/?. , {l^r^ = -(7^)^" , (A6) 



3 We put e0i2345 ^ I 
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and hence {7"^} and {7"^} are separately bases of 4 x 4 anti-symmetric matrices so that 

ilXf^ilAr' = nSjS; - S^S') . (A7) 



Due to the identities 

there are only 10 independent '^^'^^^^y'^^ and ^^^'^^^'^^ separately and both of them form 
bases of 4 x 4 symmetric matrices with the completeness relation 

(7'^7^7''^)«/.(7[A7B7q)^' = -24(5^5/ + ■ (^9) 

The coefficient on the right hand side may be determined by eg . ( |A4|) . 

I^I^^-S]^ 1} also forms a basis of general 4x4 matrices with the completeness relation 



With this choice of gamma matrices we get 

itp = \eo.MSl^^' , 7^"^ = ie-^^'7^. , (Alia) 

^\A^B]^c _ ^^[A~B]^cy ^ 277^^7^ - 277^^7^ , (Allb) 
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^{A~B]^c + ^^[A~B]^cy ^ 271^7^7^1 , (Allc) 

l^^l'^hyClDlE] - {l^^l^h[ClDlE]y = 2e^^CDEFj^ - 125^[c5^i57El , (Alld) 

lUlAl%' = 2(5.^71, + 25/7^L + 25/7^/3 , (Alle) 

{l^^r^)JlB,s = 26^,^^s - ^S^sl^, - , (Allf) 

(7[^7^7^0a/3(7[A7Bl)7' = 4(<Ja^7j, + 5/7^,) , (Allg) 

7[a7s7c]7^ = 37[^7s5c]^ - \eABC^'^^lElF , (Allh) 

7^7[vi7s7c] = ^7[A7B^cf + ^gabc^^^Ie^f , (Alii) 

67[a7s^c]^ = 7[a7s7c]7^ + 7^7[a7s7c] ■ (AHj) 

It is useful to note 

eABCD7.6^™-^ = -48<^/5/5^«5/] . (A12) 
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B Sigma Matrices in Four-dimensions 

The 2x2 matrices, a^, 5"^ satisfy 

a'^a'^ + a^'d^' = Irf" , (Bl) 

and hence 

\tY{a^~o'') = , (B2a) 

^tr {a^ a" a^aP) = r]^"'r]^P + r]''^r]P^ - r]''^n''P - ie^^^P , (B2b) 
where we put eoi23 = — e"^^^ = 1. 

a'^ and separately form bases of 2 x 2 matrices with the completeness relation 
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L^f = 25/<^/ . (B3) 



The coefficient on the right hand side may be determined by eq.( [B2a|) . 
0"^ and are related by 

ed^^'e = -a" . (B4) 
where e^/?, e^^ are 2x2 anti-symmetric matrices, ei2 = ei2 = 1 with inverses. 
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From eqs.([BB|, |E^) we get 



'At/3/3 ~ ^^aji^aP 

= 4(5/5/ - 25/5/) , (B5) 

It is useful to note 

W-'^A' = ^"7e"'^'- (B6) 
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